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Abstract: I show how the AdS 2 D-branes in the Euclidean AdS^ string theory are related to the 
continuous D-branes in Eiouville theory. I then propose new discrete D-branes in the Euclidean 
AdSs which correspond to the discrete D-branes in Eiouville theory. These new D-branes satisfy 
the appropriate shift equations. They give rise to two families of discrete D-branes in the 2d black 
hole, which preserve different symmetries. 
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1. Introduction and overview 

Liouville theory and string theories with an affine si 2 symmefry have played an imporfanf role in re- 
cenf sfudies of fime-dependenf siring Iheory, Iwo-dimensional quanlum gravily, and Ihe AdS/CFT 
correspondence. The fealures of Ihese fheories which are well-undersfood suggesl fhal Ihey share 
many imporfanf properfies. This is nol surprising considering lhaf Ihe Virasoro algebra of Liouville 
Iheory can be oblained from Ihe s £2 affine Lie algebra by a quanlum Hamiltonian reduction ||I|]. 
This suggests that Liouville theory can be found as a subsector of theories with an s £2 symmetry. 

For example, AdS^ shing theory can be reduced to Liouville theory via a topological twist 

Conversely, it would be interesting to reconstruct the full AdSs shing theory in terms of the 
beher-understood Liouville theory. A hint that this can be done comes from Zamolodchikov and Fa- 
teev’s relation 0 between the Knizhnik-Zamolodchikov (KZ) and Belavin-Polyakov-Zamolodchikov 
(BPZ) systems of differential equations, which reflect the s £2 and Virasoro symmehies respectively. 
More recently, all correlation functions of the model (the Euclidean version of AdS^ string the¬ 
ory) on a sphere have been written in terms of Liouville correlation functions [^. Proving this rela¬ 
tion relied on the prior knowledge of these correlation functions in terms of well-characterized 
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objects, namely the three-point structure constants and the conformal blocks. However, the - 
Liouville relation would be most useful if it allowed the construction of previously unknown ob¬ 
jects in the model from known objects in Liouville theory. One purpose of this article is to 
demonstrate that it indeed does. 

The new objects in the model which I plan to construct are discrete D-branes (in both 
meanings of having a discrete open string spectrum and coming in a discrete family) which cor¬ 
respond to the Zamolodchikov-Zamolodchikov (ZZ) D-branes in Liouville theory [^. I will first 
determine a relation between the known continuous AdS 2 branes in the model [^] and the 
continuous Fateev-Zamolodchikov-Zamolodchikov-Teschner (FZZT) D-branes in Liouville the¬ 
ory 


]. The main feature of this relation is the correspondence ( pi8[ ) between the parameters of 
these families of D-branes, which associates two different FZZT branes to one AdS 2 brane. More¬ 
over, it is possible to relate the correlators of bulk fields in the presence of FZZT and AdS 2 branes 
eq. ( 2.100 , but only in a particular regime which I will call the bulk regime. This is due to singu¬ 
larities in the conformal blocks, which have a clear interpretation - but so far no resolution - 
in terms of Liouville theory. 

The relation between FZZT and AdS 2 branes will then suggest a natural ansatz for a family of 
discrete branes in parametrized by two integers (m, n), related to the ZZ branes of Liouville 
theory. The most useful characterization of these branes, which I will call AdS^ branes, is the 


relation to the AdS 2 branes eq. (^). (The name AdS^ refers to that relation and not to the 
geometry of the new discrete branes.) These AdS^ branes will be shown to be solutions of the 
same shift equation that was checked for the AdS 2 branes [^. How to modify this equation for 
the case of discrete branes will be suggested by Liouville theory. I will then propose a tentative 
relation between sf '2 representations and D-branes in inspired by the Cardy relation which 
holds in rational conformal field fheories, and which may help undersfand which D-branes can 
be relafed fo Liouville branes and which ones cannof. 

From fhe new discrefe D-branes in fhe model, fwo families of compacf D-branes in fhe 
2d “cigar” black hole S'L(2,M)/(7(1) obeying fwo differenf gluing conditions can be construcfed 
along fhe lines of [|I^. Some of these D-branes have a geometric interpretation as DO-branes at 
the tip of the cigar, the others do not have any geometric interpretation. These new D-branes in 
the 2d black hole can then easily be translated into D-branes in the N = 2 Liouville theory in 
Hosomichi’s formalism [[IT[], which provides a second independent shift equation. 


Liouville 




5L(2,M)/[/(l) 


N = 2 Liouville 
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2. AdS 2 D-branes from Liouville theory 


The aim of this section is to generalize the relation between and Liouville bulk correlators 
on the Riemann sphere to correlators of bulk fields in the presence of worldsheet boundaries 
described by continuous D-branes: the AdS 2 branes on the side, the FZZT branes on the 
Liouville side. 

The relation between bulk correlators on the sphere can be decomposed into relations between 
bulk conformal blocks on the one hand, and bulk three-point structure constants on the other hand 
[12]. The introduction of a worldsheet boundary implies a modification of the conformal blocks, 
and the introduction of extra structure constants, namely the one-point functions (which must van¬ 
ish when no boundary is there to break the worldsheet translation invariance). 

Let me briefly recall fhaf Liouville fheory is a fwo-dimensional conformal field fheory on a 
worldsheef paramefrized by a complex number z. The fheory may be defined in ferms of a field 
(j){z) by fhe acfion: 


S 


Liouville 


/' 


= d z ( \dz(j)\ + fJ.Le 


2b4> 


( 2 . 1 ) 


The iTg model describes sfrings in a fhree-dimensional space and fherefore requires fhree fields 


=k 


J 


d^z 


dz4>\‘^ + e' 


( 2 . 2 ) 


A more complefe review wifh relevanf references can be found in 


2.1 Comparison of one-point functions 

Consider one-point functions of the closed string worldsheet fields Va{z) in Liouville theory and 
^^{x\z) in the model. From the bulk Ff^-Liouville relation, the Liouville momentum a and 
the spin j are related by: 

a = b{j “1“ “I" 

where the Liouville parameter b is related to the model level fc by 6^ = In terms of j, the 
one-point function for the Liouville FZZT brane parametrized by the real number s is ^ 

/ta / ^\ 

\ " = ^(1 + 1)+^ (^)/s 

^'fZZT = (7r/ri7(6^))“'^“2 — 3^r(2j -|- l)r(l + b^{2j + 1)) cosh 27r6s(2j -|- 1), (2.4) 

7r24 6 

where z is the complex worldsheet coordinate and the Liouville interaction strength. The one- 
point function for an AdS 2 brane in with real parameter r is: ©I] 

= z/^'^^(862)-3|x + x|2^r(l + b^{2j + l))e--(2i+l)sgn(a;+x)^ ^2.5) 

where Uh = that identity field (in slight contrast to 0), and x is a complex 

isospin variable which labels states within a continuous SL{2, C) representation of spin j. 
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This one-point function of the x-basis fields is written here for later use, but is not clearly re¬ 
lated to the one-point function in Liouville theory. Instead, the bulk -Liouville relation suggests 
to consider the ^-basis fields 


Jc 


( 2 . 6 ) 


whose one-poinf functions are obfained from eq. (2.5) affer a sfraighfforward calculafion: 


\uAdS2 

^AdS 2 _ _|_ i)p(i _|_ 6^(2j -I- l))cosh(2j -f l)(r — f^sgnQ/r). 

(2.7) 


If is now obvious fhaf fhe AdS 2 D-brane one-poinf funcfion is essenfially fhe same as fhaf of an 
FZZT brane (^^, buf depending on sgnSr/r fwo differenf boundary paramefers may appear: 


r i 
^ ^ ^ 46‘ 


( 2 . 8 ) 


Such a relafion could have been expecfed on several grounds. Firsf, fhe FZZT branes are invarianf 
under s —> —s whereas fhe AdS 2 branes are nof invarianf under r —> —r, so fhere cannof be a 
one-fo-one relafion befween fhe paramefers r and s. Second, fhe S'L(2, M) symmefry of fhe AdS 2 
brane, which acfs on fhe x paramefer, does nof complefely defermine fhe x dependence of fhe one- 
poinf funcfion, buf allows an arbifrary dependence on sgn(x -|- x) il- Therefore fhe one-poinf 
funcfion for an AdS 2 brane involves fwo sfrucfure consfanfs (insfead of one in Liouville fheory), 
which in fhe ^ basis are encoded in fhe sgnSr/r dependence. Third, fhe difference s+ — s_ = ^ 
is fhe jump in Liouville boundary condition induced by a boundary degenerafe field B_j_. This 

2b 


is nof surprising in view of fhe appearance of such degenerafe fields in fhe -Liouville relafion 
beyond fhe one-poinf funcfion discussed below. 


2.2 Comparison of conformal blocks 

The bulk conformal blocks are confrolled by fhe Knizhnik-Zamolodchikov equafions JI^], 
which are enough fo defermine fheir relafion wifh Liouville conformal blocks [Vl\. Lef me de¬ 
fermine fhe KZ equafions safisfied by fhe conformal blocks involved in fhe correlafor of n bulk 
fields in fhe presence of an AdS 2 brane In Wess-Zumino-Wiffen 

models wifh symmefry-preserving boundary conditions, such KZ equafions are idenfical fo fhe KZ 
equafions safisfied by a correlafor of 2n bulk fields on fhe sphere (af poinfs zi, - ■ ■ Zn, zi ■ ■ ■ Zn), 
modulo a fwisf of fhe currenfs acfing on fhe reflecfed fields if fhe gluing condifions are non-frivial. 
In fhe case of AdS 2 branes, fhe gluing condifions are frivial as I will now show. 

Lef me call J°‘{z), J°‘{z) fhe leff- and righf-moving currenfs of fhe model |15]. Their 
modes generafe an 5 ^ 2 (C) x 5 ^ 2 (C) affine Lie algebra. Their zero modes acf on fhe fields ^^{x\z) 
or ^^{^\z) as differenfial operafors wifh respecf fo fhe isospin variables x or 


Jo 

J^o 

7+ 


- ^ - u 

~ dx “ F ) 

_ ™ 9 A — d 

= - 27^ = ■ 


i(i-i-t) 


(2.9) 
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and the currents Jg are defined by repacing x, /r with x, fi. Note that this definition of the Jg 
currents is incompatible with the change of basis and is therefore basis-dependent. As a 
result, the gluing conditions will also be basis-dependent. 

The /i-basis one-point function of the AdS 2 brane satisfies (Jg -|- Jg (/r) = 0, which 

corresponds fo fhe frivial gluing condifion J = J (see for insfance [|T^). Thus, if satisfies fhe same 
KZ equations as fhe bulk fwo-poinf function Indeed, fhe /r-dependences are 

similar: -|- p.) for fhe bulk fwo-poinf function, + p) for fhe one-poinf function. 

In confrasf, fhe x-basis one-poinf function has an |x -|- factor which confrasfs wifh fhe bulk 
fwo-poinf funcfion |x — xpA This refiecfs fhe facf fhaf fhe gluing condifions are non-frivial in fhe 
x-basis. 

Since fhe correlator (/xil^i) • • • satisfies fhe same KZ equations as a bulk 

correlator wifh 2n fields, fhese equafions are equivalenf fo BPZ equafions via Sklyanin’s separafion 
of variables, as explained in |I^. This leads fo fhe following relation befween and Liouville 
correlators in fhe presence of worldsheef boundaries, where fhe equably so far means “satisfies fhe 
same differenfial equafions as”: 


i=i 


n ) = vrY-(-ir 6 


n—1 


X |0 


2n 




( 2 . 10 ) 


l=l 


a=l 




In fhis equalion fhe following conventions are used: fhe momenfa and spins are related as in eq. 


(p(3|), I assume fJ-i = ^, the function 02n is defined by 

na<a'<n-l l^aa'P Wa,a' Kn-l^Ja “ Va') 


&2n — 


X\UYZzlW-ya?W-ya\ 


r, 12 


, ( 2 . 11 ) 


and mosf imporlanlly fhe ya are fhe roofs wifh positive imaginary parls of fhe real polynomial P{t) 
defined by: 


E 

1=1 




t — Zi t — Z£ 


'^{Hize -h yeze) 

Lr=i 


Pit) 


U£=iit - ze)it - zg)' 


( 2 . 12 ) 


In fhe case n = 3, fhe equation (2.10) can be represented as: 


'^Zl '^Z2 




7777777777777777777777777777777 : ^ 


oc 


^Zi X-Z 2 • 

*yi 


y2 


'•zz 


^Zl 


^Z2 

model 


"23 


X - - *1/2 


^±±. (2.13) 

■ 27r6 ^ 46 ^ ^ 


"23 


Liouville fheory 


The rellecled fields al (zi • • • Zn) in fhe lower half-plane are nof physical, buf Ihey are indicated in 
fhis piclure because fhey appear in fhe KZ or BPZ equafions safisfied by fhe physical correlators of 
eq. dnq ). 
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In this subsection I only argued that both sides of equation ( 2.10| ) satisfy identical systems of 
differential equations. This amounts to a relation between the conformal blocks from which the 
correlators are built. In the next subsection I will complete the argument for equation ( 2.10D and 
show that it holds in a certain regime. 


2.3 The bulk regime 

From the explicit expressions for the one-point functions ( |2.4| ), ( p7| ) it is easy to check that the 
equation ( 2. 10| ) holds in the case n = 1, which does not involve any insertion of degenerate Liou- 


ville fields V_±. One could then think that it is possible to prove equation (2.10) by a recursion on 
n, using the bulk operator product expansion to reduce the case of the n-point function in the limit 
zi Z 2 to the case of the n — 1-point function. (The bulk OPEs in the model and Liouville 
theory are indeed related in a way which would suit such an argument [§].) Then one would rely 
on the KZ equation to extend the relation (2.1C) to all values of Zi, away from the limit zi ^ Z 2 - 


However, this argument does not work because the conformal blocks which solve the KZ 
equations have singularities. These singularities are most easily seen in the corresponding Liouville 
theory conformal blocks: they occur whenever one of the Ua becomes real. Indeed the Ua are 
defined as fhe roofs of fhe real polynomial P{t) ( [2.12 ). Such a polynomial can have real roofs and 
pairs of complex conjugate roofs. Lef me call fhe bulk regime fhe range of values of fig, Z£ such 


fhaf all fhe roofs of P{t) are complex. The repealed use of fhe bulk OPE zi 


Z2 


(as 


required by fhe recursion above) is possible only in fhe bulk regime, because fhe definition of P{t) 
( [2.12 ) implies fhaf for zi —> Z 2 some roof yi of P{t) will also move close lo zi, and Iherefore in fhe 


bulk. Thus, fhe equalion ( p.lOj ) holds only in fhe bulk regime. Unforfunalely, fhis prevenls fhe easy 
determination of an -Liouville relation in other bases like the x basis, which would involve an 
integration over all values of fi£. 

Let me illustrate the singularities of the conformal blocks in the case of a two-point func¬ 
tion {/j,i\zi)^^^{iJ. 2 \z 2 ))In this case the polynomial P{t) has degree two and its roots are 
complex provided 


z = 


^1 - ^^2 


Zl - Z2 


> 


\bi\ + If2| 

Ifi + F 2 I 


(2.14) 


The cross-ratio z varies from 1 when the two bulk fields are far apart or close to the bound¬ 
ary, to -foo when they are close together or far from the boundary. The corresponding Liouville 
configurations are: 
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zi 


JJl JJ2 

’WttttWt/ 


X 
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2:2 


/////// 
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^Z2 


Z\ 


^Z2 


Boundary regime 


Singularity 


7777777777777777777777 

•y 

X^l X^2 

Bulk regime 


(2.15) 


z = 


MI-I-M2I 


-foo 


Z1-Z2 

Z1-Z2 


In the boundary regime, the relation between the KZ and BPZ equations still holds. However it is 
not clear that a relation between and Liouville correlators can be found. Such a relation would 
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have to specify which boundary parameters appear in Liouville theory. The boundary degenerate 
fields induce jumps of the boundary parameter s by the quantity ^ ||^. The fact that the two 
boundary parameters differ by this quantity is very suggestive, but more work needs to 

be done. This issue is however not relevant to the present article, whose purpose is to find new 
discrefe D-branes in the model. 


3. More branes in the Euclidean AdS-i 


In this section I will show that the relation between Liouville FZZT branes and AdS 2 branes in 
the model suggests a natural ansatz for new discrete D-branes in the model, which will be 
related to the discrete ZZ-branes in Liouville theory. This ansatz will then be subjected to a number 
of tests. 

Let me first briefly review fhe ZZ branes and fheir relafion fo fhe continuous FZZT branes. 
The ZZ branes are paramefrized by fwo sfricfly positive integers (m, n) and are described by fhe 
one-poinf funcfions 




a=b(j+l)+ 




(m,n) 


^zz 

[m,n) 

\z — 




fm,n) = ^ ^ ^T{2j + l)r(l + 6^(2j + 1)) sin7rm(2j + 1) sin7rn6^(2j + 1) 


3 

1 23 


Tib 


A well-known properly of Ihese ZZ branes which will be mosf useful in fhe following is: 


T' 


ZZ 

(m,n) 


= 


(m6“i+n6) 




^ {rnb~^ —nb) * 


(3.1) 


(3.2) 


3.1 An ansatz for new discrete D-branes 

The previous secfion demonsfrafed fhaf an AdS 2 brane wifh boundary parameter r is related fo 
FZZT branes with boundary parameters s = ^ — ^sgnS^. It is natural to look for discrete branes 
in the model which would preserve the same symmetries as the AdS 2 branes (in other words, 
they would obey the same gluing conditions) and which would be related in a similar manner to 
ZZ branes with parameters depending on sgnQ/r. In addition, I have explained that the difference 
of the two possible boundary parameters has an interpretation as the jump induced by a boundary 
degenerate field, which is quite nafural considering the appearance of such fields in fhe boundary 


regime ( |2.15[ ). Through fhe relation befween ZZ and FZZT branes eq. ( |3.2[ ), this jump corresponds 
to a jump m —> m — 1 of the parameter m of the ZZ branes. This suggests the following relation: 


New discrete brane in Hn 


{m, n) strictly positive integers 


Liouville ZZ branes 
(m — 1, n) if sgnAfj, > 0 
(m, n) if sgnAfj, < 0 


(3.3) 


I will call “discrete AdS 2 branes” or “AdS^ branes” these new branes. Their above definition in 
terms of ZZ branes can be translated into a relation with AdS 2 branes via the ZZ-FZZT relation 


eq. (3.2) and the AdS 2 -FZZT relation of the previous section: 


^Ads^ = q,^dS2 _ q,AdS2 

(m,n) 27r(m— i7r(m—-^—nb‘^) 


(3.4) 
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The essential feature of this relation is the shift — which directly corresponds to the shift of the 
boundary parameters in the AdS 2 -FZZT relation eq. Let me write explicitly the one-point 

function of the AdS^ branes in the x basis: 

+ b^{2j + 1)) 

X 2isgn(x + x) e-“(”^-5)(2i+i)sgn(x+x) s[mrb'^n{2j + 1) . (3.5) 

Naturally, the relation provides a simple way to derive the one-point functions of the AdS^ 
branes in any basis. I have used the x basis because the shift equation of the next subsection is 
formulated in this basis. 


3.2 Verification of the shift equation 

The one-point function for an AdS 2 brane was found in [Q] by solving a shift equation indicating 
how it should behave under shifts j —> j ± A modified version of the shift equation is expected 
to hold for discrete branes preserving the same symmetries. This expectation is based on the study 
of shift equations for ZZ and FZZT branes in Liouville theory [^, ^ which I now review. 

The shift equations for ZZ and FZZT branes are of the type: 

- ^) + , (3.6) 

where the index a means ZZ or FZZT, with brane parameters generically called s. The coefficients 
F± on the right-hand side do not depend on the type or parameter of the D-brane because they are 
fusing matrix elements. However, the quantity depends on the type of brane: ^ 


nFZZT nFZZT 
— It 


pZZ 


[m,n) 


i-2^Q\s) = -27r 
(« = -|) 


r(-l-262) 


(a = 0) ’ 


(3.7) 

(3.8) 


where the bulk-boundary structure constant value (5|s) was derived in 0 by a free 

field compufafion and can also be deduced from fhe general formula for fhe bulk-boundary sfrucfure 
consfanf [18] by carefully faking fhe relevanf limif as skefched in [|I^]. 

One may wonder how fhe shiff equafions (3.6), where fhe factor ii“ depends on fhe fype of 
brane (a G {ZZ,FZZT}), can be compafible wifh fhe linear relafion (3.2) befween ZZ and FZZT 
branes. The compafibilify acfually requires fhe non-frivial relafion R 


ZZ 

(m^n) 

i?FZZT ^ direcf compufafion shows fhaf fhis relafion is indeed obeyed: 

^ • mb ^ — no A ^ 

S = l -?;- 


_ nFZZT 

„ • mb~^+nb 

S=t - 


^zz 

{m,n) 


(- 1 ) 


q,zz 

[m,n) 


( 0 ) 


_ tjFZZT 


_ oFZZT _ rj 

— Pmb-l-ni, — -27r 


fiL r(-i- 2 b^) 

sin7r62 ^(— 52^2 


(—1)™ cos 7rn6^.(3.9) 


'in the article |g] the denominator '^™{a = 0) is absent from if™ because the one-point function is normalized 
so that (a = 0) = 1. 
















This analysis of the Liouville branes’ shift equations can be generalized to branes’ shift 
equations. The continuous AdS 2 branes are indeed known to satisfy an equation of the type 

RAdS2^AdS2^j^ = - ^) + ^ 

In the notations of 0, the quantity can be computed explicitly as = {x+x)B{^)A{^, 0|r) 

(see in particular the equation (3.28) therein) 

Now the shift equation for discrete branes in should be identical to that for continuous 
branes, except for the replacement of with 


„AdS^ 

R, \ 

(m,n) 


AdS!^ 

{m,n 


(j 


2 ) 


^AdS^ 

[m,n) 


(j = 0) 


(3.11) 


Does the ansatz ( ^^ satisfy the resulting shift equation? Like in Liouville theory, the shift equation 
for discrete branes boils down to the equations 

„AdS2 ^ riAdS2 J_ TyAdS2 ("t 19t 

(m,n) r=i-K{m—^+nb‘^) r=iTr{m—^—nb'^)' '' ' ^ 


These equations can now be checked by direct calculation, and the three quantities to be compared 
are indeed all equal to 


2i\x + x|sgn(x + x)y/ui,- 


r(i + 26 ^) 
r(i + 62) 


(—l)™'cos7rn6^ . 


(3.13) 


3.3 Checks and interpretations d la Cardy 
3.3.1 D-branes and representation theory 

Let me discuss how the proposed discrete AdS 2 branes help to complete the list of D-branes in 
the Euclidean AdS^. Cardy has shown that in rational two-dimensional conformal field theories, 
symmetry-preserving D-branes are naturally associated to representations of the relevant symmetry 
algebra [p0[]. This idea can be extended to Liouville theory. To start with, the continuous FZZT 
branes are naturally associated to the continuous representations of the Virasora algebra, which 
appear in the physical Liouville spectrum and have momenta a e ^ iM (with Q = b + b~^). 
In order to account for the ZZ branes in terms of representation theory, one has to go beyond the 
physical spectrum and take into account the degenerate representations appearing in the Kac table, 
with momenta 


2amn — Q = ITT-b ^ + ub , 


(3.14) 


where (m, n) are still strictly positive integers, and I ignore the reflected degenerate representations 
2amn — Q = —{mb~^ + nb) because the reflection symmetry of Liouville theory makes them 


^Note that Vh — tt now has an extra factor tt wrt |Q| so that 

present article and footnote 7 of [^. Also note that the requirement B{j — 0) 
compared to |Q. 


is the identity field, see eq. (2.5) of the 
= 1 leads to a different sign for B{j) as 
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redundant. Now, the relation ( |2.3| ) between the Liouville momentum and the spin relates the 
Virasoro degenerate representations to s ^2 degenerate representations with spins 


+ 1 = mb ^ + n . 


(3.15) 


The discrete AdS 2 branes should be considered as associated with such representations, whereas 
the ordinary AdS 2 branes would be associated with the physical continuous representations j G 
— ^ + iM. This interpretation of the AdS 2 branes was already considered in 0 (section 4.2), which 
suggested the following relation between representation spins j and brane parameters r: 


j{r) 


1 1 . r 

2 “ 4 ^ “^* 2 ^ ■ 


(3.16) 


However, as observed in ||^, this relation does not give physical values j G — ^ + zM for r real 
due to the term — But this term precisely corresponds to the shift in the AdS 2 -FZZT relation 
(^^, and now seems rather natural. The reflection symmetry of the spectrum j —j — 1 then 
corresponds to the invariance of the FZZT branes under s —> —s. Now replacing r in eq. ( |3.16D 
with the values appropriate for discrete AdS 2 branes ( p^ gives the spins of the si 2 degenerate 
representations with null vector at nonzero level: 2j{r = i7r[m — ^ + n6^]) + 1 = + n). 

There is another series of degenerate representations of si 2 with m = 0, which do not cor¬ 
respond to Virasoro degenerate representations because they have a null vector at level zero [pT|]. 
D-branes corresponding to these representations are therefore not expected to be simply related 
to Liouville theory objects. There exist natural candidates for such D-branes: the 5^ branes with 
imaginary radius of |^]. In contrast to the AdS 2 branes which preserve an SL{2, M) symmetry out 
of the SL{2,C) of the model, the 5^ branes preserve an SU{2) symmetry. The degenerate 
representations with level zero null vectors are unitary as 5(7(2) representations, and they indeed 
appear in the physical spectrum of the 5^ branes. 

The representations mentioned so far are summarized in the following table, which should 
be compared to the picture of the moduli spaces of D-branes in and Liouville theory in the 
Introduction: 


Virasoro 


a G f -f zM 


2amn - Q = mb ^ + nb 


Si2 

J G —T 


2 jmn + 1 = mb 2 -f n 


2jn T 1 — zz 


3.3.2 Computation of the annulus amplitudes 

In the context of rational conformal field theories, Cardy has shown that the consistency of the 
spectrum of open strings on a D-brane (i.e. the requirement that it consists of finitely many repre¬ 
sentations with positive integer multiplicities) leads to a strong constraint on the one-point function 
of that D-brane [^|. In non rational conformal field theories, the spectrum of open strings should 
consist of continous states with a positive density and/or discrete states with positive integer multi¬ 
plicities. The consistency of the AdS 2 branes has aheady been checked in this way in |2^. The 
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study of this type of consistency conditions is sometimes called the modular bootstrap approach 


AdS^ 

The open-string spectrum is related to the one-point function via the annulus amplitude ni)(m 2 n 2 ) 
Trg^°“ M where the powers of q are the energies of the open-string states Like the annulus ampli¬ 
tude for AdS 2 branes, the annulus amplitude for open strings stretched between two AdS^ branes 
is most easily computed in the p, basis. (A naive x-basis computation would give a wrong result 
due to an improper treatment of the divergences 0.) 


^AdSi 

^(mi,ni)(m2,n2) 


/ / 

J-i-l-iM JC 


ft. 

|^|2 y (m2,n2) 




nT=ii^-Q 


,^3 


(3.17) 


= 5(0) 


fix E E + E Xmn{q) .(3.18) 

0 nGniXn2 \rn<Em\Xm2 rnG(mi-1)X(m2-l)/ 


In this formula, m G mi x m 2 means |mi — m 2 | < m < mi -|- m 2 while mi -|- m 2 — m is an odd 
integer (like in ^ and Xmn{q) = r?-3(g)(g-i(™^-^+-^)^ - 

) is an sf '2 degenerate character |^]. The infinite prefactors (which come from the 


integral d?p) result from the SL{2, M) symmetry of the AdS^ branes and are similar to infinite 
prefactors appearing in the annulus amplitude of AdS 2 branes 0. In the case of AdS 2 branes, there 
was an extra divergence of the integral J dj at j = This zero radial momentum divergence 
reflected the infinite extension of the AdS 2 branes in the radial direction and is absent in the case 
of the AdS 2 branes. 

Therefore, the spectrum of open strings on the AdS^ branes is consistent. The spectrum of 
open strings between AdS 2 and AdS^ branes is also made of discrete states with integer multiplic¬ 
ities, but these states can have imaginary conformal dimensions, as is clear from the formula: 


yAdS2-AdS^ 
r,(m,n) ^ 


dj 


-L(2j+1)2 


sin7rn6^(2j -|- 1) 


n^i(l-70^ sin7r62(2y-h 1) 


sinTrfm — 1)(27 -|- 1 ) , , it ^, sin 7 rm (27 -|- 1) , n ^, 

- - --- - cosh(r — i—)(2j -|- 1) H-cosh(r -|- i—)(2j -|- 1) 

sin7r(2j/ -hl) ^ 2^^ ' sin7r(2j/ -hl) ^ 2^^-^ \ 


(3.19) 


The Gaussian integral on j will indeed yield powers of q which are not real. In such cases I will say 

AdS2—AdS^ 

that Z^^Q ^ has an imaginary spectrum pathology. Note however that this pathology is not 
an inconsistency of the conformal field fheory wifh boundary conditions defined by AdS^ branes. 
The pafhology only prevenfs fhe AdS^ branes fo be inferprefed as physical siring fheory objecfs in 
fhe presence of AdS 2 branes. 

Acfually, fhe ZZ branes wifh (m, n) / (1,1) in Liouville also have fhis imaginary specfrum 
pafhology, which does nof prevenf fhem from playing an imporfanf role in fhe fheory. Nofe also 
fhaf fhe pafhology can be absenf in fhe case of some branes consfrucfed from fhe AdS^ branes as I 
will argue in fhe confexf of fhe 2d black hole SL{2, M.)/U (1). 

^With standard conventions: q = exp — ^ and q = exp 2'KiT where r is the modular parameter of the annulus 
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4. More branes in the 2d black hole 


D-branes in the 2d “cigar” Euclidean black hole SL{2, M) /U{1) can be obtained from D-branes in 
the Euclidean AdS^ by a descent procedure |[I^. On the one hand this will yield more consistency 
checks for the new D-branes constructed in the present article, and on the other hand this will 
suggest a comparison with matrix model results. 


4.1 Known branes and new branes in the 2d black hole 

Eet me now recall the one-point functions of the S'L(2, M)/C/(1) bulk fields ^ in the presence 
of boundary conditions defined by fhe D-branes descending from 5^ and AdS 2 branes in 

A DO-brane in fhe cigar descends from an 5^ branes in labelled by a sfricfly positive 
infeger n: 




DO 

n 


kh-h 

27r(-l)^“’+i r(- 2 j) 


j) 


r(l + lP‘{ 2 j + 1 )) sin7rn6^(2j -|- 1)(.4.1) 


A Dl-brane in fhe cigar descends from an AdS 2 brane in wifh a real paramefer r and an angle 
Oo- 

fc 46 2 r( 2 j + l)r(l + 6 ^( 2 j + 1 ^ f-rClj+l) ^ ^r{2j+1)^42) 

" ’ 2 r(i + j + ^)r(i + j - ^) V ^ ^ r ' 

A D2-brane in fhe cigar also descends from an AdS 2 brane in H^, whose paramefer r now has fo 
be faken pure imaginary r = ia. The real paramefer a of fhe D2-branes is quantized in unifs of 
27r6^ and bounded |cj| < |(1 -|- 6^). 


^ (7 


+ l)r(l + b\2j + 1)) 

^ ( r (-2 + ¥) , n-j - ¥) 

\Tij + 1 + ^) TO- + 1 - 


(4.3) 


New discrefe branes can be obfained in SL{2, M)/C/(1) from fhe discrefe AdS 2 branes in . 
Eike fhe original AdS 2 branes, fhe discrefe AdS 2 branes give rise fo fwo families of D-branes in 
fhe cosef. Their one-poinf functions can be obfained from Dl- and D2-branes’ one-poinf functions 
fhanks fo fhe formula (p^. Eef me firsf consider fhe Dl'^-branes obfained from fhe Dl-branes: 


4' 


Dl'* 

(m,n) 




r(i +1 + ^)r(j +1 - 


X SlllTT 


{2j + l){m-l;) + 


n 


sin7rn6^(2j -|- 1) . (4.4) 


The specfrum encoded in fhe annulus amplifude ni)(m 2 112 ) confains a finife number of discrefe 
represenfafions wifh posifive infeger multiplicities and is fherefore consisfenf. (However, I did nof 
find fhe marginal field which mighf have been expecfed from fhe exisfence of a modulus 9q.) Nofe 
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pvi_pvi d 

also that the amplitude suffers from the same imaginary spectrum pathology as the 

amplitude “ ^3 ■ 

The D2'^-branes obtained from the D2-branes are characterized by the one-point function: 


^fXn) = + l)r(l + h\2j + 1)) ^innnb\2j + 1) 

r(-j + ^) _ r(-j - 

ra + 1 + ^) r(j + 1 - 

The spectrum encoded in the annulus amplitude ni)(m 2 n 2 ) contains a finite number of discrete 
representations with positive integer multiplicities and is therefore consistent. ^ 

■r\Q_"pjoci 

The spectrum is also consistent and free from the imaginary spectrum pathology, 

because the D2-brane parameter a comes from pure imaginary values of the AdS 2 brane parameter 

■p\-|_T~) 9 '^ 

r. However, it might be more relevant to examine the amplitude Z^ , which is more difficult 
to compute because of the difference in gluing conditions between Dl- and D2'^-branes. This 

Til T*\QCi C 

difficulty is no obstacle to finding thaf Z^q~^^ has fhe imaginary specfrum pafhology excepf 
if {m,n) = (1,1), like the amplitude in Liouville theory. Notice that is 

also free from the imaginary spectrum pathology only for n = 1. The DO- and D2‘^-branes with 
parameters n and (1, n) respectively behave identically in this respect because their overlaps with 
Dl-branes only involve closed strings with winding zero, which make no difference between them: 
= 0 ) = = 0 ). 




4.2 Geometric and non-geometric D-branes 

Let me discuss whether the new Dl*^- and D2‘^-branes have a geometric interpretation. A geometric 
description of the 2d black hole is possible in the limit fc —> oo which corresponds to small string 
length is = Vo/ (while Vko/ is a fixed lengfh). Firsf recall fhe geomefric inferprefafion of fhe 
known DO-, Dl- and D2-branes [ jl^ as zero-, one- and fwo-dimensional geomefric objecfs in fhe 
2d black hole. This can be seen in fhe large k behaviour of fhe one-poinf functions, 

(4.6) 


How fhis behaviour depends on fhe dimensionalify of fhe D-branes is indeed consistent with the 
dependence of the D-branes’ tensions T oc (a')“ 2 with respect to the D-branes’ dimensions p. 

Now the observation (from the previous subsection) that closed strings with zero winding cou¬ 
ple identically to DO-branes and to D2‘^-branes implies that the D2'^-branes should be interpreted as 
pointlike branes at the tip of the cigar like the DO-branes. The behaviour of Dl'^-branes is different: 




Dl“ 

(m,n) 


k 


-1 


(4.7) 


'^The detailed computation of this spectrum for mi A ni 2 would require a non-trivial generalization of the calcula¬ 
tions in [|Io|. Note also that the multiplicities are positive in contrast to the D2-brane case 0 , due to the sign difference 
between the second lines of eqs ( [t.3| ) and (t.5). 

^The imaginary spectrum pathology is absent from such a discrete annulus amplitude if and only if 4'°^ 
is a linear combination of a finite number of terms of the type cos X{2j + 1) with A either real or pure imaginary. The 
pathology results from such terms with a generic complex A. 
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thus their one-point functions decrease too fast at large k to allow a geometric interpretation. It 
is possible to call the Dl'^-branes “anisotropic localized branes at the tip of the cigar” only in a 
heuristic sense. 


Let me nevertheless compare this heuristic geometric picture to the situation in Liouville the¬ 
ory. The localization of the Dl'^-branes at the tip of the cigar, and the existence of continuous 
D1-branes extending from infinity up to some finite distance from the tip (a distance determined 
by their parameter r), are similar to the localization of the ZZ branes at strong Liouville coupling, 
together with the existence of FZZT branes extending to infinity. The situation of the 02*^- and D2- 
branes is quite different since the D2-branes extend to the tip where the D2'^-branes are located. 
However, a species of branes with the same gluing conditions as the D2-branes and a behaviour 
similar to that of the FZZT branes has been predicted to exist [25, 261: the D-branes descending 
from dS 2 branes in AdS^ p^, which I will also call dS 2 branes: 




The geometry of the dS 2 branes in AdS^ suggests that the dS 2 branes in the cigar are parametrized 
by a real number r' related to the D2-brane’s parameter ahy a = '^ + ir'. The identifications 


a = ir and r = 2'Kbs — (from eq. (^)) then imply the relation r' = 27r6s between the dS 2 
brane parameter r' and the FZZT brane parameter s. In addition, the dS 2 brane is expected to be 
invariant under r' —> —r' like the FZZT brane under s —> —s. This supports the idea of a close 
relationship between dS 2 branes in the cigar and FZZT branes in Liouville theory. 

4.3 A shift equation from N = 2 Liouville theory 

Let me now compare the D-branes in the 2d black hole with D-branes in the N = 2 supersymmetric 
Liouville theory. The N = 2 Liouville theory is indeed equivalent to the N = 2 supersymmetric 
2d black hole theory [^], which is itself very similar to the bosonic 2d black hole theory which 
has been considered in this section. (On the other hand, the N = 2 Liouville theory is considerably 
more complicated than bosonic Liouville theory.) The comparison of D-branes is relevant to this 
article because it will provide an independent shift equation for the one-point functions of the new 
D1'^-branes. This is based on the article on iV = 2 Liouville theory by Hosomichi [|TT|], which 
among many interesting results formulates a shift equation with j-shift by | in addition to the shift 
equation with j-shift by ^ considered in subsection ^ These two possible shifts are independent 
if k is not rational. However, in contrast to the two elementary a-shifts in Liouville theory (by 
^ and |) which are related by a simple selfduality of the theory, the two shifts in N=2 Liouville 
theory must be analyzed independently. 
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The Dl-branes in the 2d black hole (O) correspond to Hosomichi’s B-branes [ [TI[ ] (4.55). 
According to the principles of subsection the Dl'^-branes should therefore satisfy 


(m,n) 




fpi ,(j = 0,n' = 0) 




(4.8) 


r=27r(m—-izbrib^) 


where clfl is explicitly known [ |ri[ ] (4.55), and the N = 2 Liouville degenerate spin | becomes 
in SL{2,M.)/U{1) after k ^ k — 2 and reflection. If proper care is taken of the other differences 
of conventions, this equation is found to hold. 

The D2-branes in the 2d black hole ( p3| ) correspond to Hosomichi’s chiral or anti-chiral A- 
branes [ |rT| ] (3.26). The |-shift equation for these branes [ |rT| ] (4.33) has a vanishing left-hand side, 
leading to the condition: 


(A ^ _k \ 

T-P" (j = 0,W = 0) 

(m,n) ' 


(4.9) 


Surprisingly, this equation holds due to the denominator being infinite. It therefore provides a 
rather trivial check of the discrete D2-branes’s one-point function 

To summarize, translating the new AdS^ branes to the D1'^-branes in the 2d black hole and 
then to = 2 Liouville theory has yielded a strong independent check of their consistency. 

In addition, the new AdS^ branes translate into two new families of discrete D-branes in 
N=2 Liouville theory, associated to the continuous B-branes and chiral or anti-chiral A-branes of 
O- Note in particular that the N=2 Liouville incarnation of the 02^^-branes differ from the already 
known non-chiral degenerate A-branes 0 (3.23). These discrete A-branes are actually associated 
to the continuous non-chiral non-degenerate A-branes [ |TT| ] (3.21). Since there exist two types of 
continuous A-branes in N=2 Liouville theory (chiral or anti-chiral on the one hand, non-chiral on 
the other hand), it is not surprising that there exist two corresponding types of discrete A-branes. 

For completeness, let me point out that the degenerate chiral A-branes l lTTl ] (3.33) and their 
special case the identity A-brane [jlT]] (3.18) clearly correspond to DO-branes in the 2d black hole. 
It would be interesting to study the completeness of D-branes in the 2d black hole and in N=2 
Liouville theory. 
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